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I Abstract. We show that any contact form whose Fefferman met- 

■ ric admits a nonzero parallel vector field is pseudo-Einstein of con- 
I— — I , stant pseudohermitian scalar curvature. As an application we com- 

• pute the curvature groups H''(C(M),T) of the Fefferman space 
Q I C(M) of a strictly pseudoconvex real hypersurface M C C"+^. 

■5: 

S2 ' 1- Statement of results 
B' 

I— !■ Let M be a strictly pseudoconvex CR manifold of CR dimension 

^ ! n and 6 a contact form on M such that the Levi form Lg is positive 

>- I definite. Let C{M) ^ M be the canonical circle bundle and 

^ ■ Fe the Fefferman metric on C(M), cf. 0. Let GL(2n + 2,M) 

• L{C{M)) —y C{M) be the principal bundle of linear frames tangent 
^ : to C(M) and r : M e L{C{M)) ^ C Tu{L{C{M))) the Levi- 
^ \ Civita connection of Fg. Let H (c{M),T) be the curvature groups of 
O ' (C*(M),r), cf. 13] and our Section 2. Our main result is 

^— > ■ Theorem 1. If(M,6) is a pseudo- Einstein manifold of constant pseu- 

2 ! dohermitian scalar curvature p then the curvature groups H^{C{M), F) 

rJ \ are isomorphic to the de Rham cohomology groups of C{M). Other- 

■ wise [that is if either 6 is not pseudo -Einstein or p is nonconstant) 
ix| : H''{C{M),T) = 0, 1 <k <2n + 2. 

H : 

. 5t , The key ingredient in the proof of Theorem Q is the explicit cal- 

culation of the infinitesimal conformal transformations of the Lorentz 
manifold {C{M),Fg). 

Corollary 1. Let Q C C"^^ be a smoothly bounded strictly pseudocon- 
vex domain. There is a defining function (f ofQ such that 9 = ^{d—d)ip 
is a pseudo-Einstein contact form on dQ. If {dQ, 6) has constant pseu- 
dohermitian scalar curvature then 

H\C{dQ),r) ^ H\dQ,R) (B H''-\dQ,R), 

for any 1 < k < 2n -\- 2. 
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The first statement in Corollary Q is a well known consequence of 
the fact that Ti o{dQ) is an embedded CR structure, cf. J.M. Lee, [Tj. 



The paper is organized as follows. In Section 2 we recall S.I. Goldberg 
& N.C Petridis' curvature groups of a torsion-free linear connection (cf. 
also I. Vaisman, |lOj) as well as the needed material on CR manifolds, 
Tanaka- Webster connection and the Fefferman metric. Section 3 is 
devoted to the proof of Theorem ^ and corollaries. 

2. The curvature groups of the Fefferman metric 

Let {M,Ti^o{M)) be a {2n + l)-dimensional connected strictly pseu- 
doconvex CR manifold with the CR structure Ti_o(M) C T(M) ® C. 
Let 6' be a contact form on M such that the Levi form 



Lg{Z, W) = -i{dd){Z, W), Z,W e T,^o{M), 
is positive definite. Let H{M) = Re{Ti,o(M) © To,i(M)} be the Levi 



distribution and 

J : H{M) ^ H{M), J{Z + Z) = i{Z -Z), Z G Ti,o(M), 

its complex structure. Let C K{M) ^ M be the complex line 
bundle 

K{M)^ = {u}e A"+^T;(M) ® C : To,i(M)^ J = 0}, x e M. 

There is a natural action of M+ (the multiplicative positive reals) on 
K{M) \ {0} such that C(M) = {K{M) \ {0})/M+ is a principal S^- 
bundle vr : C(M) — > M (the canonical circle bundle over M, cf. P], 
Chapter 2). The Fefferman metric Fg is given by 



The Fefferman metric is a Lorentz metric on C(M), cf. J.M. Lee, |6j. 
The following conventions are adopted as to the formulae ((H)-©- Let 
T be the characteristic direction of dO i.e. the tangent vector field on 
M determined by d{T) = 1 and TJ rf^ = 0. We set 




^ then 



(1) 



Fe = 7i*Ge + 2{n*9) & a, 




Ge{X, Y) = id9){X, JY), X,Y e H{M), 
Ge{X,Y)=Ge{X,Y), Ge{Z,T) = 0, ZeT 



(M). 
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There is a unique linear connection V on M (the Tanaka- Webster con- 
nection of {M,9), cf. |9] and [TT]) such that i) the Levi distribution is 
parallel with respect to V, ii) VJ = and Vge = 0, iii) the torsion Ty 
of V is pure i.e. 

T^{Z,W) = 0, TviZ,W) = 2iLe{Z,W)T, Z,WeTi^oiM), 

roj + jor = 0. 

Here gg is the Webster metric i.e. the Riemannian metric on M given 
by 

geiX,Y) = Ge{X,Y), ge{X,T) = 0, gg{T,T) = 1, 

for any X, F G H{M). Also t{X) = T^{T,X), X e T{M), is the 
pseudohermitian torsion of V. If {T^ : 1 < a < n} is a local frame of 
Tifi[M) defined on the open set [/ C M then cUq^ are the corresponding 
connection 1-forms of the Tanaka- Webster connection i.e. VT^ = Ua^^ 
Tp. Let By be the curvature of V and 

R^p = trace{X ^ R^{X, T^)T-j^} 

the pseudohermitian Ricci tensor of (M, 6). Moreover g^-j^ = Lg(Ta, T-^) 
and p = g'^^Ra'p is the pseudohermitian scalar curvature of V. Also 
7 : -K^^iU) ^ M is a local fibre coordinate on C{M). Precisely let 
{9^ : 1 < a < n} be the admissible local coframe associated to {Tq, : 
1 < a <n} i.e. 

r(T^) = 5|, r(T^) = o, r(r) = o. 

The locally trivial structure of 5^ C{M) ^ M is described by 

7^-\U)^U^S\ ujeK{M)^\{0}, 

= A A ■ ■ ■ A , xeU, A G C \ {0}. 

Then7([cu]) = arg(A/|A|) where arg : ^ [0,27r). If(?7,x\-- - 
is a system of local coordinates on M then {t{^^{U),x^, ■ ■ ■ , x™") are 
the naturally induced local coordinates on C(M) i.e. = o vr, 
1 < A < 2n + 1, and x"' = 7 (with m = 2n -f 2). 

Let n : L{C{M)) C{M) be the projection and p : GL(m,R) 
End]R(IR™) the natural representation. We denote by ^p(GL(m))(^(^)) 
the space of tensorial A;-forms of type p(GL(m, R)) i.e. each u G 
^p{GLim))iC{M)) is a R'^-valued A;-form on L{C{M)) such that 

i) a;„(Xi, ■ ■ ■ , Xk) = if at least one Xi G Ker((i„n), 

ii) uJug{{duRg)Xi,--- ,{duRg)Xk) = p{g~^)uJu{Xi, ■ ■ ■ ,Xk) for any 
g G GL(m,R), Xi G T^{L{C{M))) and u G L{C{M)). 
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Let r be the Levi-Civita connection of {C{M),Fg) thought of as a 
connection-distribution in L(C(M)) ^ C{M). Iftu G f^J(GL(m))(C(^)) 
then its covariant derivative with respect to F is the tensorial {k + 1)- 
form of type p(GL(m, R)) 

(Vcu)(Xo,--- ,Xk) =uj{hXo,--- ,hXk), 

for any Xi G T(L(C(M))), < i < k. Here /i„ : T„(L(C(M))) ^ r„ 
is the natural projection associated to the direct sum decomposition 
T^{L{C{M))) = r„ © Ker(rf„n). Let us consider the C°°(C(M))- 
module 

and the submodule given by 

L^ = {(cu,n*a) gL^: V'cj = 0}. 

Let r] G r°°(T*(L(C(M))) ® M™) be the canonical 1-form i.e. r/„ = 
o (dyll) for any m G L{C{M)). If we set 

then L = (0^0-^'^' -^'^) ^ cochain complex, cf. [3], p. 550. The 
curvature groups of T are the cohomology groups 

H^(C(M),T) = H\i) = l<A;<m. 

3. Infinitesimal conformal transformations 

We shall establish the following 

Theorem 2. Any infinitesimal conformal transformation of the Fef- 
ferman metric Fg is a parallel vector field. 

By a result of CR. Graham, a is a connection 1-form in —>■ 
C{M) M. For each vector field X G T(M) let X^ denote the 
horizontal lift of X with respect to a i.e. X] G Ker(cr2) and {dzT^)Xl = 
X7r(2) for any z G C(M). To prove Theorem |21 we need to recall the 
following 

Lemma 1. (E. Barletta et al., jT]) 

The Levi-Civita connection V""^^^ of{C{M),Fg) and the Tanaka-Web- 
ster connection V of (M, 6) are related by 

(3) V$f = {VxYy-{d9KX,Y)T^-{A{X,Y) + {da){X\Y^)}S, 



(4) 



Vjf = (r(X) + 0X)T , 
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(5) Vjr^X^ = (VtX + 0X)T + 2ida){X\T^)S, 

(6) V''^\''^S = vf''^X^ = {JX)\ 

(7) vX^T^=v\ vf''^S = 0, 

(8) V^(*'¥T = 0, Vj{^)^ = 0, 



for any X,Y e H{M). Here A{X,Y) = gg{T{X),Y). Also the vector 
field V G H{M) and the endomorphism cf) : H{M) H{M) are given 
by 

Gg{V,Y) = 2{da){T\Y^), Gg{<j)X , Y) = 2{da){X\Y^), 
for any X,Y e H{M). 

A vector field X on C{M) is an infinitesimal conformal transforma- 
tion of Fq if 

(9) V^(*')A' = A J, 

for some A G C°°{C{M)) where I is the identical transformation of 
T(C(M)). Let S be the tangent to the S'-'^-action (locally S = d/d'-y). 
Taking into account the decomposition T(C(M)) = H{My®RT^®RS 
the first order partial differential system Q is equivalent to 

(10) v;f)A' = AxT, vJf);r = A^^ \/f'''^x = xs, 

for any X G H{M). Let {X„ : 1 < a < 2n} = {X^, JX„ : 1 < a < n} 
be a local frame of i7(M). Then X = X^Xl + fT^ + gS for some C°° 
functions Af", / and g. By (jH))-® in Lemma[T]the last equation in (fTI]|) 
may be written 

S(A'")X] + A"^(JX,)^ + Sif)T^ + Sig)S = XS 

hence 

(11) ^"^ = 0, ^(/)=0, Sig) = X. 

Similarly, by (0)) and (jH)) in Lemma ^ the first equation in may be 
written 

XT(/)rT + /(r(X) + 0X)T + xHg)S + g{JXy = XX^ 

hence 

(12) Xn/) = 0, XT(^) = 0, 
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(13) /(r(X) + 0X)T + g{JXy = XXl 

Lemma 2. With respect to a local frame {Ta : 1 < a < n} ofTifl{M) 
the endomorphism cf) : H{M) (g) C — >■ H{M) ^ C is given by (pTa = 
<pjTp + (t)jTj with 

^ ' ^ 2{n + 2y 2(n + l)^ ^' ^ 

and (p^f^ = g^''(j)j'^ and 0^"^ = = 0/. 

Proof of Lemma^ Taking the exterior derivative of Q we obtain 



(n + 2)da = n* i^tdoOa'^ - -dg''" A dg^-^ - ^ dipO) 

Note that Vge = may be locally written as dg^-^ = gajco-^' + uja^g^-j^. 
Also g'^'^g^^ = 5° yields rfc/°^ = -g^'^g'^'^dg^. Hence 

dg"^'^ A dg-p = u-p A u;"^ + u;^^ A u;^'^ = 0. 

Let {9°" : 1 < a < n} be the admissible local coframe associated to 
{Ta : 1 < « < n}. Then (by a result in fll], cf. also [2^, Chapter 1) 

where A^,^ = A{Ta,T[^) and covariant derivatives are meant with re- 
spect to the Tanaka- Webster connection. Finally (by the very definition 
of 0) 

(n + 2)G,(0X, Y) = i{R-^e- A 0^)(X, Y) - -^-^(c^^)(X, Y) 

for any X, F G H{M) ® C. This yields fll4p . Lemma El is proved. 

Proof of Theorem |21 Let us extend both members of ()13|) by C- 
linearity. Then (fT^ holds for any X G H{M) ® C. By a result in [U] 
r(Ti,o(M)) C To,i(M) hence r(r„) = A^T^ for some functions A^. 
Using (fT^ for X = we obtain 

(15) fAl = 0, /0/ + (^^-A)5f = 0. 

By Lemma 121 



2(n + 2) V 2(n + 1) 
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and a contraction leads to 0a" = ip/[A{n + 1)]. Next a contraction 
in the second of the identities (fT^ gives / + n{ig — A) = or 
ipf + 4n(n + l)ig = An{n + 1)A and then 

(16) g = - . / 

and A = as /, (7 and A are M- valued. In particular V'"*-^^^A' = 0. 
Theorem 121 is proved. 

Corollary 2. Any infinitesimal conformal transformation of Fq is a 
parallel vector field of the form 

In particular any contact form 9 whose Fefferman metric Fq admits 
a nontrivial parallel vector field is pseudo- Einstein of constant pseu- 
dohermitian scalar curvature and vanishing pseudohermitian torsion. 



Proof By dZI)-® in Lemma [T] the middle equation in (fTU)) may be 

written 

T\f)T^ + fV^ + T\g)S = XT^ 

hence 

(18) TT(/) = A, T\g) = 0, 



(19) /(z)V;(,) = 0, zeC{M). 

Yet A = (by Theorem |21) so that (by (III1)-(II21) and (HH)) / = a and 
g = b for some a,b G M. Let us assume now that Fq admits a parallel 
vector field X 0. Replacing from (fTB|) into the second of the identities 
(fTH|l leads to 

(20) a (i?/ - ^ 5f ) = 0. 

Note that a ^ (otherwise (fT^ implies 6 = hence A" = 0) so that 
(by (j20|l ) R^p = {p/n)g^-p i.e. 6 is pseudo-Einstein (cf. jZj). Also 
(I16p shows that p = constant. Finally the first identity in (jl5|) implies 
r = 0. Corollary 121 is proved. 

A remark is in order. Apparently (fT^ implies that a = when 
Sing(l^) 7^ (and then there would be no nonzero parallel vector fields 
on {C{M),Fg)). Yet we may show that 

Corollary 3. Assume that 9 is pseudo-Einstein. Then V = if and 
only if p is constant. 
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So ()19j) brings no further restriction. Proof of Corollary^ Note that 

2d{p9) (T, Tp) = -pp , 2d{p9) (T, T^) = -p^ , 
where pp = Tp{p) and p-^ = p^. Consequently 

2{n + 2){da){T\ T}) = -^W2-^ + . 

On the other hand (cf. Chapter 5) if 6 is pseudo-Einstein then 

i 



W% = Ofi W°-- = 

2n ' ' 

Hence V is given by (see Lemma ^ above) 

Ge{V,Tp) = - ^ pp. 

4n{n + 1) 

Clearly if p = constant then = 0. Conversely if = then dbP = 
i.e. p is a M-valued CR function. As M is nondegenerate p is constant. 
Corollary ini is proved. 

At this point we may prove Theorem ^ Let C'^ be the sheaf associ- 
ated to the module L'^ i.e. for any open set A C C{M) 

C'{A) = {(A, U*a) : A e fiJ(GL(„))(n-i(A)), V^A = 0, a e Q'{A)}. 

Let D'' : C'' C''^^ be the sheaf homomorphism induced by the 
module homomorphism : U' —>■ U'^^. 

Lemma 3. Let Sq he the sheaf of parallel vector fields on {C{M),Fg). 
For each open set A C C{M) let Ja '■ Sg{A) C^{A)be given by 

JaW = 0), XESeiA), 
/;,:n-i(A)-^M™, fM=u^\Xu(u)), UEU-\A). 

Then 



772 — 1 



(21) O^Se^ C'' ^ ^ ---^-^ ^0 

is a fine resolution of Sg so that the curvature groups of T are isomor- 
phic to the cohomology groups of C{M) with coefficients in Sq. 

Proof Let (/, A) G £° such that = D^{f,X) = (V/ - Xt] , dX). 
Let z e C{M) and u G Ti~^{z). We set by definition = u{f{u)). 
As f o Rg = p{g^^) o / for any g G GL(m, M) it follows that is 
well defined. Let (n~^(C(f/)), x*, Xj) be the naturally induced local 
coordinates on L{C{M)) i.e. x*(m) = x*(n(u)) and Xj(u) = a* for any 
u = {z,{Xi ■ I < i < m}) G L{C{M)) such that = ai{d/dx')z 
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(here C{U) = 7t-\U)). Given a vector field X = \W/dx^ + \]d/dXi 
on L{C{M)) 

Then V/ = Xr] imphes that V^^'^^^X = XI hence (by Theorem ^ 
A = i.e. (/, A) = Therefore the corresponding sequence of 

stalks Se,z ^ C^^ ^ C\ ^ ■ ■ ■ ^ ^ is exact at £° while the 
exactness at the remaining terms follows from the Poincare lemma for 
D as in [3], p. 552. Lemma El is proved. In particular if 6' is a pseudo- 
Einstein contact form of constant pseudohermitian scalar curvature 
then (by Corollary |21) i5e = K and Lemma 01 furnishes a resolution 

^ M ^ £* of the constant sheaf M where 

jA(a) = (/^,0), aGM, 

and X is given by (jl7|) in Corollary |21 hence 

H^{C{M),T) ^ H^{C{M),^), l<k<m. 

Otherwise (i.e. if 9 is not pseudo-Einstein or p is nonconstant) then 
Se = 0. Theorem [His proved. 

If M C C"+^ is a strictly pseudoconvex real hypersurface then (by 
a result of J.M. Lee, P) M admits globally defined pseudo-Einstein 
contact forms. On the other hand the pullback to M of dz^ A ■ ■ ■ A dz"' 
is a global nonzero section in K{M). In particular C{M) is trivial. If 
6' is a pseudo-Einstein contact form on M of constant pseudohermitian 
scalar curvature then (by Theorem ^ and the Kiinneth formula) 

H''{C{M),r) = H''{C{M),R) = HP{M,R)®H%S\R) = 

p+q=k 

= h''{m, r)®h''-\m, R) 

and Corollary n is proved. Using M. Rumin's criterion (cf. [S|) for the 
vanishing of the first Betti number of a pseudohermitian manifold we 
get 

Corollary 4. Let M C C"^^ be a connected strictly pseudoconvex real 
hypersurface and 9 a pseudo-Einstein contact form on M with p = 
constant andr = 0. Ifn>2 then H^{C{M),T) = R. 

An interesting question is whether one may improve Corollary 
by choosing a contact form with p constant to start with. Indeed as 
Tifi{M) is embedded one may choose a pseudo-Einstein contact form 
9. On the other hand if the CR Yamabe invariant A(M) is < A(S'^"'"'"^) 
then (by the solution to the CR Yamabe problem due to D. Jerison & 
J.M. Lee, jSj) there is a positive solution u to the CR Yamabe equation 
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such that v^l'^Q has constant pseudohermitian scalar curvature. Yet (by 
a result in [7j) the pseudo- Einstein property is preserved if and only if 
M is a CR-pluriharmonic function. It is an open problem whether the 
CR Yamabe equation admits CR-pluriharmonic solutions. 
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